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Unsupervised Domain Translation: Problem Setup

Unsupervised setting. Po 1

We observe two datasets
{X(i)}il\il ~ Po, {y(i)}il\il ~ P1,

with no paired correspondences.

Goal: learn a mapping
T:X—=)Y

such that
Tipo =~ p1.

Key difficulty: the pushforward constraint does not uniquely determine T.



Why Static Transport Models Are Not Enough

In practice, the discussed optimal transport corresponds to learning a one-step generator:

y = T(x,2z), z ~ p(z).

’ Complex distributions are difficult to generate in a single step. ‘

Thus, modern generative models are inherently dynamic, i.e.:

Examples of state-of-the-art approaches:

e Diffusion models (DDPM, DDIM, NCSN, etc.);
e Flow matching / continuous normalizing flows (FM, Rectified Flows, etc.).

QUESTION: Can we bring dynamics into Optimal Transport?



From Random Variables to Random Paths

Static OT: random variable x on state space R?

I
Dynamic OT: random path® x(t) £ x; on path space C([0,1]; RY)

Evaluating the path at times t € [0, 1] yields
random variables {x;}c[o,1], which together
form a stochastic process, or formally:

(C([o, TIRY), B(C([0, T]: R)), P),

where [P denotes path distribution. o o

‘ The target probabilistic object is now the path distribution. ‘

IWe abuse notation by using x; both for the random path and for its realization, denoted as trajectories.



Path Distributions Induced by SDEs

Given the scaled Wiener process, we define a new path distribution P by combining
deterministic dynamics with Wiener noise:

T :dx; = v(xe, t) dt + VedWs, Xo ~ Po,
—_——— ——
drift, scaled Wiener noise,

defines deterministic motion  defines stochastic motion
Over a small time step At, the SDE can be interpreted as

Xeanr = Xe + V(xe, t)At + VeAt z;, z ~ N(0,1).

The trajectories generated by this SDE induce a path distribution P on C([0, 1]; RY). ‘

One useful notation is the bridge distribution PP}, “P(-|xo = x, x1 = y), that is, the path
distribution of the SDE conditioned on fixed endpoints.




Dynamic Schrodinger Bridge Formulation

Suppose we are given marginal distributions py and p; and a reference scaled Wiener process
WE€. Then, the dynamic Schrodinger Bridge (SB) problem? is defined as

P* = argmin KL (P||W¢), (DynSB)
PEN(po,p1)

where M(po, p1) is the set of all path distri-
butions with initial and terminal marginals pg

and pp, respectively.

Intuitively, the problem seeks the path distribution IP that is closest to the Wiener path
distribution W€ in KL divergence, while matching the prescribed marginals py and p; at

times t = 0 and t = 1, respectively.

2Erwin Schrodinger (1931). Uber die umkehrung der naturgesetze. Verlag der Akademie der
Wissenschaften in Kommission bei Walter De Gruyter u . ..



Four Equivalent Views of Entropic Transport

Entropic Optimal Transport

min Eyx yorlc(x,¥)]—
_min - Eyrle(y)]

— eBxnp H(n(-|[x)) (EOT)

Static Schréodinger Bridge

min KL (7||7™)

(StatSB)
Ejn(l?mpl)

Dynamic Schrodinger Bridge

min KL (P||W¢)
PeN(po,p1)

L

(DynSB)

Stochastic Optimal Control

1
min —Ep U v(xe, t)||2dt} (SOC)
l Vl 26 0

s.t. dxe = v(xg, t) dt + VedW,




From drift control to a path-space view of Schrédinger Bridge

From the stochastic optimal control formulation, the dynamic Schrodinger Bridge solves

1 '
min ZEP [/0 [Ilv(xt, t)||2dt]

subject to
dXt = V(Xht) dt+\/Eth7 Xo ~ Po, X1~ P1-

We have already seen that the SB solution keeps the same Wiener noise and changes only the
drift. However, the search space over path distributions PP is still completely arbitrary, and
therefore does not automatically enforce these properties.

QUESTION: Can we represent the SB directly on path space as a special transform of the
reference process, so that the stochastic dynamics are already built in, and only the endpoint
marginals remain to be matched?



Characterization of Schrodinger
Bridges




Doob’s h-transform of path distributions CF 6 = /,1 = /p/y /)(,J

Let, P**! be a Markov reference path distribution (e.g. the Wiener path distribution W¢), andl,)

Iet[lhp(—)' ), be aWn_ctgﬂ such that ///(0 [éﬁ ( \]
he(x) = Epret [ (31)|xe = ] . E (1016 27) X

The Doob's h-transform defines a new path dlStI’IbutIOf] h by rewelghtmg\ge‘f wnth&

/flf Ah, 0“{? dPr:f - Zigig _Epref[hféﬁ)x():x]' €
normalization L,1 - @

For any measurable set B of future path segments (xs):<s<1, we have

P((xs)e<s<1 € B|(Xs)o<s<t) = Epn [1{(Xs)t<s<1€B}|(Xs)0<s<t] = CLI P( Xq )'[’&CP)

) Epref [1{()(5): s<1€B} hl Xl Xs <t]
g’ 1 0 S E]prcf<[h<]_l (x1) XS)‘WQ-L] N = Eps [1{(X5)t§s§1€B}|Xt} .

If the reference path distribution P*f is Markov, then its Doob-#h transform P"
remains Markov. 9




Doob-h transform as a drift correction

Consider a reference path distribution P! induced by the SDE

dxy = b(xt, )dt +,0(x¢ )th_L a(x, t) = o(x, t)o(x, )",

20 e |

If the path distribution is transformed by a positive space-time harmonic function_h;(x), then
the Doob-h transformed diffusion has the same diffusion coefficient and modified drift

l dx = (b(xt, t) +la(xt, t)V log hr(XtD dt + o(x¢, t) dVVj._‘

In the Wiener reference (P™*f = W¢) case we obtain a(x, t) = el leading to

dx; = /e dW,, under W¢,

this becomes

dx; = €V log hy(x¢) dt + ﬁdW under ‘Ph
| I |

Doob-h transform keeps the noise unchanged and only adds a drift correction.

10



Doob-h transform: one-step transition reweighting

Let the reference path distribution P**f be induced by
dx; = b(xt, t) dt + o(x, t) dW,, a(x,t) Z o(x, t)o(x,t)".

(“QL‘ (u a1

To identify the one-step transition dlstr ution under Ph, consider any measurable set B C R9.

Then ’Z)aob’lﬂ

Epret | Lix,, as h1(x1)|x,
li_py(xt+At c B‘Xt) :]E]ph [1{Xt+AteB}|th| _ P f[ {xtynt€B} 1( 1)| t] Db)(/)

E[Pref [hl (Xl) ‘Xt] a()(
)('\ 0\\/\ X .\&E Epret [1{><,+A,EB} ht+At(Xt+At)|Xt]

erc\h(ﬂw‘“\ © L e Jr

= ht(Xt)/q (Xt+At‘Xt) ht+At(Xt+At) dXt+At

Therefore, the transition density under P/ is ,\r
. h A At) N / T
| st g | S
t




What is still missing?

At this point, the connection between dynamic Schrodinger Bridge and Doob-h transform
already suggestive:

e both modify a reference path distribution by reweighting paths,

e both preserve the stochastic part of the dynamics,

e both appear through a drift correction.

S

However, the derivation so far shows how Doob-h transforms modify a reference
process, but it does not yet identify the optimal transform corresponding to SB.

To solve the problem, we recall the equivalence of the static and dynamic SB problems.

12



Step 1: static SB as a constrained variational problem

Recall the static Schrodinger Bridge problem:

7" = argmin KL (7TP||7TWE> .
F€N(po,p1)

Let's introduce Lagrange multipliers ¢(xg) and 1(x;) to relax constraints, and consider the
Lagrangian KL
P
X0, X1
( L) = (x07x1)|ogwg((0))

+ [l (15 00) = polx)) b + [ 00a) () = prx)) o

dX dX1

Using [ ¢(x0) g 0(x0)dxo = [ o(x0) 7¥ (xo, x1)dxodx1, and similarly for 1, this becomes
P ™ (x0,x1) P
L(m", p,7) =/ |:|OgﬂW5(XO,X1) + ¢(x0) +¢(X1)] 7 (X0, X1) dxodxy —
= [ ety dputoo) ~ [ 6(x) diatx),

13



Step 1: optimality condition and factorization

To find the minimizer, take the first-order optimality condition, i.e., %(Xg,xl) = 0. Now, since
0 7 (x0, X1) 7 (x0, X1)
— | [ log 7" —e——— dxod | ’
(57TP |:/ ogm (XO’Xl)WWE(XO’Xl) X0 X1:| 08 —wer W (XO,Xl 1 47 66 r)
one obtains (0, 1) /
T (X0, X1
log ———~ +1 0.
08 Tt 4 1k )+ 00m) = 2 AT 1)
Rearranging and absorbing constants into the potentials gives? 7 [Xa X) f&(a
u*(xo,xl) = f(xo) 7" (xo,xl)g(xl).‘ vid [)(o,)(w )(
where j
Floxo) £ eo0),  g(x) £ et v,

Thus, the optimal static SB coupling is obtained by reweighting the reference coupling

only through endpoint potentials.

3Since static SB is equivalent to EOT, f and g coincide with the exponentiated EOT dual potentials. 14



Step 2: dynamic SB is the endpoint Doob-h transform

Recall the KL decomposition: A’P
KL (ine) = KL (WPHWWE> + /KL (P|XQ,X1||W|6X0,X1) dﬂ—P(Xval)' AW

As discussed before, for a fixed endpoint coupling 7*, the second KL term is minimized by
Plosq = W‘EXO o Hence, for the optimal dynamic SB solution P*, the interior of the path does
not contribute to the Radon-Nikodym derivative —lLMy the endpoint reweighting remains. [

Since the endpoint coupling is exactly the optimal static SB solution, it follows that the full
: oot P (4
path-space Radon-Nikodym derlvatlve| (SB characterlzatlonl‘ls

* 7" (X0, X '
5{12,5( Xo,1]) = W f(x0) g(x1) (3)

Hence, the dynamic Schrodinger Bridge is exactly the endpoint Doob-h transform of
the reference Wiener process.

4Absolute continuity P < W€ is implicit whenever the path-space KL divergence is finite.



Dynamic SB as an SDE with potential-induced drift

Notably, the SB characterization is two-sided: it involves two generally different endpoint
factors, f and g. In contrast, the Doob-h transform is one-sided, with a potential propagated
from the terminal time t = 1. |

To obtain the Doob-h form, definez £(x) = Eywe[g(x1)|xe = x]. Then the factor f(xo) is
absorbed into the prescribed initial istribution.® Indeed,

po(xo), ]P’ -F(Xo o(x0) Py’ (x0)-
Hence, once the process is started with xg ~ po, the reweighting is the D

9Pl " (x1|x0) g(x) S —
dexo ~(x0,11) = T Calxo) . B lg0a)lro]’ s.t. dxy = eVIoggwt(xt)dt—h/Eth, [~ Poy

Thus, after fixing the initial distribution py, the SB characterization becomes the
Doob-h transform given by the potential g, which yields the SB SDE with
potential-induced drift.

16
5Analogously, the factor f generates the backward-time characterization.



Light Schrodinger Bridges




Direct optimization via the optimal-form parameterization

To build a practical method, we would like to avoid solving the constrained SB problem:

in KL (7(xo, x1)]| X0, X
reltup) (70w N?x?@ Q/S)

Under the SB characterization we have obtained, wejrestrict 7 to the family

W X1|X0 X1 def
(0 30) = Po(0) T(xa1x0) = po(ro) B—LLIECA) vl

)

c(xo)
Then minimizing KL (7*||7) over this family is equivalent to

min (Ep, [log c(x0)] — Ep [logg(x)]),  clx) = = Ewe[g(x1)xo].

By restricting 7 to the SB form, the marginal constraints are absorbed into the

parameterization, and the optimization becomes unconstrained over g.

17



Deriving the learning objective

Under the given characterization of 7(xg, x1) we have A/’7/_741/)(0 X4> &K /9/]6)%&
in KL I [ (o) log T2 o /
g H(p)
= C—/W*(Xg,xl)|Og7T(X1|X0)dX0dX1 /00

I (X0, x1)
C - /F*(Xo,Xl) log " (Xé|(>)<;))g(X1) dxopdxy

= Cot [ 7 (am)log () drocba — [ (30,1 og £0a) drachs

= C+EY, [log c(x0)] — Exmpllogg(x1)].

Therefore, up to an additive constant independent of 7, minimizing KL (7*||7) is equivalent to
minimizing
‘C(g) = EXONPO[IOg C(XO)] - EX1~P1 [|Og g(Xl)]'

18



Gaussian parameterization

For an arbitrary potential g, c@\;\} may be difficult to compute. To address this issue, LightSB®
proposes to parameterize the potential by a Gaussian mixture model (GMM).

Specifically, since for xg = 0 the factor gy(x1) acts as an unnormalized density, we set
k &
1) & Zozk./\/(xﬂrk,eSk),Where‘_i:ef {a, rk,Sk},'f:ﬂ ar >0, e e RP, 0 < S, e RPXD,
k=1 il\ 1 IV

For this parameterization, the conditional distribution admits the explicit form

N (x| r(xo0), €Sk), re(x0) = ric + Sixo,

(x1lx0) =

- o S 2r)
dk(x0) £ ayexp (XO kxo; i XO) ,

6Alexander Korotin, Nikita Gushchin, and Evgeny Burnaev (2024). “Light Schrodinger
Bridge”. In: The Twelfth International Conference on Learning Representations. URL:
https://openreview.net/forum?id=WhZoCLRWYJ.

19



Training

Under GMM parametrization, the

min £(0) = min (Exyeu[10g <1 (30)] — Exy e log 20 ()]

The empirical optimization functional.

Since the marginals pp and p; are accessible only through samples

T SRR USSR CL RSN py/s g

we optimize the empirical counterpart of £(0):

E(0) % 4 > log (i) = 27 - log 20 (<) ~ £(0).

We then apply minibatch gradient descent with respect to the parameters

20



Static and Dynamic inference

The conditional distribution 7)(x1|xp) is a

GMM:
(x1]x0) Z wi(x0) N (x1|rk(x0), €Sk),
X def Oék(XO)
)= )

Hence, ancestral sampling is straightforward:

k ~ Cat(wl(xo)7 o ,wK(xo)),
x1|x0, k ~ N (re(x0), €Sk)-
Therefore, sampling (xp, x1) is very fast.

To sample a full trajectory, it is enough to sam-
ple from the Wiener bridge WTXO X"

As discussed before, the Doob-h transform

also yields an SDE induced by
dxt = (Xta t) dt + \ﬁtha Xo ~ Po,

(x,t) £ eV, log <N(X|O, €(1 —t)ly)

i{au\/ (1[0, €SK)N (hi(x, £)[0, AL )}>

de 5_
where Al = (1 iy —Ip + ——
S_Irk
he(x, 1) & — =% k
K(x.t) e(l—1) €

To sample, SDE solver must be used.

21



Gaussian to Swiss Roll Translation

2 2 2
1 1 1
0 0 0
g
o -1 -1 e ot
o Fitted distribution o Fitted distribution o Fitted distribution
@ Trajectory start (x ~ po) @ Trajectory start (x ~ po) @ Trajectory start (x~ po)
_,] @ Tajectory end (fitted) _, | @ Tajectory end (fitted) _,| @ Tajectory end itted)
o Target distribution py —— Trajectory of Ts —— Trajectory of Te Trajectory of Ty
-2 -1 4 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

(@) xo ~ po, x1 ~ p1.

(b) e=2-10"3,

(c) e=0.01.

(d) e=0.1.




Male to Female Translation on CelebA

(a) Male — Female. (b) Female — Male.

(c) Adult — Child.

(d) Child — Adult.

23



Conclusions & Takeaways

The Schrodinger Bridge solution can be characterized on path space as an endpoint
Doob-h transform of the Wiener process.

This characterization preserves the stochastic part of the dynamics and changes only the
drift through a potential-induced correction.

After restricting to the SB form, the constrained problem over couplings becomes an
unconstrained optimization over the endpoint potential g.

LightSB parameterizes this potential by a Gaussian mixture model, which makes the
conditional plan explicit and enables efficient learning from samples.

The learned model supports both static inference via fast sampling of (xo, x;) and
Wiener bridges, and dynamic inference via the corresponding SB SDE.

Main message: Dynamic Schrodinger Bridge admits an explicit path-space
characterization through Doob-h transforms, and this leads to practical sample-based
methods such as LightSB.
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